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Experimental Determination of the Discharge Coefficients
for Critical Flow through an Axisymmetric Nozzle

. S. P. Tang*
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J. B. Fennt

Yale University, New Haven, Conn.

Discharge coefficients for critical flow nozzies were determined experimentally for hydrogen, helium,
nitrogen, and argon over a Reynolds number range from 102 to 109, Above values of about 200, the measured
coefficients are in excellent agreement with those predicted by a straightforward application of boundary-layer
theory. The results suggest that in many cases experimentai caiibration of metering nozzles might be avoided.

Nomericlature

C,  =discharge coefficient #1/m,

C, =gspecific heat at constant pressure

D =nozzle throat diameter

I = gctual mass flow rate

#1,,  =isentropic mass flow rate

)i = pressure

Pr = Prandtl number

r. = ‘“‘radius of curvature’” of the nozzle wall at the throat

r, = nozzle throat radius '
- Re}  =Reynolds number based on nozzie throat diameter

Re}, =seeEq.(2)

' =temperature

u =velocity component parallel to the wall

z = distance along nozzle axis of symmetry

¥ = ratio of specific heats

&* =displacement thickness of the boundary layer

o =mass density .

U = absolute viscosity

51 = pressure-gradient parameter

A = mean free path

Subscripts

e =local flow outside boundary layer {external)

0 = freestream stagnation value

®

= sonic condition

I. Introduction

N 1969, Tang presented an analysis of the flow through a
Echoked axisymmetric nozzle.! The following frequently
used assumptions were invoked: 1) the fluid is a perfect gas
with constant specific heat; 2) the Prandtl number is unity; 3)
the viscosity has a linear dependence upon temperature; and
4) external to the boundary layer, the flow is inviscid and one-
dimensional. The analysis is applicable to nozzles having
adiabatic walls with contours that can be characterized by the
“radius of curvature’” at the throat r. and a pressure-gradicent
parameter 3, which relates to the streamwise acceleration of
the fluid, i.e., the dependence of nozzle cross section upon
axial” distance. For the case of 8=oco, an exact analytical
solution of the equations was possible and gave rise to the
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following expression for the discharge coefficient Cj; of the
nozzle:

_ L, (yHINEC8I94(6) "] 4(6)" ) msy i
Co=1 ( 2 ) { v+ 1) 3 }(RQD‘)
L2 (=D v+ D) (Reg) -1 ‘ )

3 v+ "

where C), is the ratio of actual mass flow to the ideal isen-
tropic value, v is the specific heat ratio, and Rehis a modified
Reynolds number defined by

Reh=(r./r,) =" {p,u.Dip.), 2)

where D is the diameter of the nozzle at the throat, r, is the
throat radius, p is the density, i is the velocity, and p is the
viscosity.! Subscript e indicates freestream values. The
asterisk indicates a Mach number of unity, i.e., at the throat.

For values of 3 other than infinity, an exact analytical
solution of the equations was not possible. Numerical
solutions for §=1 and §=2 showed that Cp, was very in-
sensitive to the value of 3. On the other hand, nozzle contours
for different values of B were themselves quite different.
These observations imply that the exact solution for 8=
may be a good.-approximation for real nozzies having a wide
range of contours.

The overall result of the analysis is a relatively simple and
straightforward expression [Eq. (1)] for computing the
discharge coefficient of an axisymmetric nozzle in critical
flow over a range of Reynolds numbers, provided only that
the radius of curvature at the throat is finite and known. No
empirically adjustable parameters are involved. Experimental
confirmation of this result would be theoretically interesting
as a test of the many simplifying assumptions that often are
used in other contexts. It would be of practical relevance
because of the widesprcad use of small critical nozzies for
metering flows, for molccular beam sources, for sampling,
for pneumatic thermometry, for microrocket motors, and for
other applications. Accordingly, we undertook to put the
theory to experimental test. Just because of the widespread
usc¢ of critical flow nozzles, one might expect that there would
be an abundance of data in the literature. As noted in the
literature, there are indeed quantities of data but most of
them are in the very high Reynolds number range, where
discharge coefficients arc close to unity.”® Relatively few
resulis are in the range of interest, i.e., Reynolds numbers
between 102 and 10%. Of those available, many show
relatively large scatter. Many do not provide complete details
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on the nozzle shape, i.e., radius. of curvature at the throat.
Measurements with more than one gas seldom are reported.
Consequently, we embarked on a program of measuring
discharge coefficients over a range of conditions wide enough
to provide an adequate test of the theoretical result presented
in Ref. 1. Our data also should be a valuable addition to the
progress*** accomplished in recent vears.

If. Experimental Procedures

-In principle, the determination of experimental discharge
coefficients is .straightforward. In practice, to obtain
reproducible and accurate flow rate measurements is a tedious
procedure that requires painstaking attention to detail. We
shall describe our methods and precautions with reference to
the schematic representation of our apparatus in Fig. 1.

Upstream of the nozzle, stagnation pressures above 100
Torr were measured with a mercury manometer (Merian
Instrument Co., model 20 BA 10). It had a bore of 0.5 in.,
large enough to eliminate capillarity effects. Below 100 Torr,
we used a U-tube “‘dipstick’” manometer. Because its legs
were of precision bore tubing (1 in.), it was sufficient to
measure changes in meniscus level on only one side by means
of a micrometer head (L.S. Starrett Co., No. 63) to which was
welded a stainless-steel dipstick with a sharp point. The
reference level was obtained when the pressure was the same
on both sides.  With mercury in the manometer, contact
between the meniscus and the dipstick was indicated by
closing of an electrical circuit. Reproducibility was within
about +5x 1072 Torr over the range of 100 Torr. With low-
vapor-pressure oil as the working fluid, contact between the
meniscus and the dipstick point gave rise to a readily ob-
servable capillary “‘jump’’ at the instant of contact. In this
case, reproducibility was within about 3 x10 -3 Torr, and
the range was about 7 Torr. The pressure on the reference leg
of the manometer was maintained with a mechanical vacuum
pump at less than 25 m Torr, as indicated by a thermocouple
gage. 1t was thus negligible in all of our measurements and
could be taken as zero. The pressure downstream of the nozzie
was monitored with a small absolute mercury manometer.
Pressure ratios across the nozzle were always greater than 9,
well above the value necessary to insure critical flow. The
pressure ratio was maintained by a mechanical vacuum pump
(Welch Scientific Company, model 1397). The exhaust flow
from the pump was passed through an oil vapor trap com-
prising a bed of molecular sieve granules and then into a
calibrated volumetric flow meter operating at local at-
mospheric pressure as determined by a mercury-in-glass
barometer. Except for one set of high-temperature
measurcments which will be described separately, nozzle
stagnation temperature and flow meter operating temperature
were determined with calibrated mercury-in-glass ther-
mometers,

Two flow meters were used. Flow rates above about 1.5
em?/s were measured with a liquid-sealed rotating
displacement ‘‘wet test meter” (Precision Scientific Co.,
model 63125). It was calibrated by measuring the pressure
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Fig. 1 Schematic of apparatus.
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decay in a tank exhausting through the meter. The volume of
the tank was determined by weighing the amount of water it
could contain, In order to eliminate vapor pressure correc-
tions, we used dibutyl phthalate as the working fluid in the
meter. Its vapor pressure was always less than 10 -2 Torr.
Flow rates below about 1.5 c¢m3/s were measured by
displacing dibutyl phthalate from an inverted burette whose
volume was calibrated with water by weighing. All time in-
tervals were determined with a stop watch. With each flow
meter, reproducibility was within about +0.5%.

‘Flow determinations were made with each of six con-
vergent-divergent nozzles constructed from sapphire ring
watch bearings (Moser Jewel Company, Perth Amboy, N.J1.).
Throat diameters were 0.0102, 0.0203, 0.0296, 0.0520,
0.0798, and 0.0941 in. The ratios of radius of curvature at the
throat te nozzle throat radius were, respectively, 1.33, 2.18,
1.00, 0.83, 1.04, and 1.00. The nozzle diameters were
determined with a Vickers projection microscope having an
eyepiece reticule system carefully calibrated against a stan-
dard scale in the focal plane of .the microscope. With a
precision of +0.0001 in., diameters were measured at 45-deg
intervals around the circumference. The effective gecmetric
nozzle diameter was taken as the average of these eight
measurements. With the smallest nozzle, the standard
deviation from the arithmetic mean was 0.5% of the mean.
The probable percentage error was +0.4%. Even smaller
relative errors were encountered with ihe larger nozzles.

The radius of curvature at the throat was determined with a
compass on photomicrographs of the nozzle wall profiles. In
order to minimize distortion due to the high refractive index
of sapphire, the nozzles were photographed while immersed in
a drop of diiodomethane. It has a refractive index slightly
lower than sapphire, 1.75 vs 1.76. As a typical example, the
photomicrograph for the 0,0203-in. nozzle is shown in Fig. 2.
Also shown schematically is the way in which this nozzle was
cemented into a Plexiglas flange, its inlet walls having been
faired into a 30-deg conical entrance section. The 0.0296-in.
nozzle was fitted similarly with a 116-deg entrance section.
The other four nozzles were cemented into flanges with no
additional entrance sections, -

Flow measurements were made with each nozzle using
argon, helium, nitrogen, and hydrogen. Stagnation tem-
peratures were within a few degrees of 300 K. Stagnation
pressures ranged from 4 to 2200 Toor, corresponding to an
overall Reynolds number range from 100 to 34,000. An error
analysis indicated that for the results reported here the
maximum uncertainty was +2.0% and occurred at the low
end of the Reynolds number range. At the high end, the
uncertainty was nearer =1.0%.

We carried out another series of tests at stagnation tem-
peratures of 485 K. The stagnation chamber assembly was
machined from brass and heated by resistance windings.
Temperature was measured by means of two copper/con-
stantan thermocouples, one in the nozzle wall and the other in
the stagnation chamber gas. The entire assembly was mounted
in a large vacuum tank maintained at 10 - Torr by a 16-in. jet
booster pump (Stokes series 150) backed by threc large

Fig.2 Profile of thé 0.0203-in. nozzle. The photomicrograph at right
shows the throat region in detail.
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mechanical pumps (one Kinney iype 220 and two Stokes 412-
H). The nozzle itself also was machined from brass. lis
diameter, 0.0519 in., and radius of curvature, 0.0184 in., were
determined from measurements on a photomicrograph of an
epoxy resin plug made using the nozzle as a mold. A thin coat
of oil prevented the cured resin from sticking. Because the

nozzle was used at high temperature, a correction to the

diameter of 0.8% due to thermal expansion was applied. Flow
rates were determined using the previously calibrated 0.0203-
in. nozzle as a meter. It was mounted outside the vacuum tank
but in series with the heated nozzle. Both nozzles were choked
at all times. Measurements were made with argon, helium,
and nitrogen at stagnation pressures (for the heated nozzle)
from 9 to 300 Torr. The corresponding Reynolds number
range was from 160 to about 5000. At the highest Reynolds
number, the overall crror was about +2,7%. At the lowest, it
was about +3.6%. We emphasize that these percentages
represent maximum absolute uncertainties. Relative to the
discharge coefficient for the metering nozzle, the errors are
about half these values.

IIl. Results and Discussion

The room-temperature results are shown in Figs. 3-6, onc
for each of the four gases. The high-temperature
measurements are in Figs. 7 and 8. Ordinate values are
discharge coefficients, the ratios of observed mass flow to the
ideal isentropic mass flow based on measured stagnation
conditions and nozzle diameters. Abscissas are in terms of the
modified Reynolds number as defined by Eq. (2). The solid
curve on each figure represents the theoretical value of the
discharge coefficient calculated from Eg. (1), i.c., the
analytical solution of the transformed governing equations
based on a value of infinity for 8, the pressure gradient
parameter. The basis for the dashed curves will be set forth
subsequently.

in view of the fact that no empirically adjustable
parameters have been invoked, the agreement between theory
" and experiment is remarkable. Except for hydrogen, it is
within experimental error (indicated by flags) down to
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Fig. 3 Comparison of experimenial and theoretical discharge
coefficients for argon with y = 1.67.
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Fig. 4 Comparison of experimental and theoretical discharge
coefficients for helium with y = 1.67.
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Reynolds numbers of about 500. In all cases, including
hydrogen, the measured value of the discharge coefficient is
slightly higher than the theory predicts. Even though it is
small, let us examine the discrepancy.

First we note that the theoretical value of C, presumes a
valué of infinity for the pressure gradient parameter 8. The
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Fig. 5 Comparison of experimental and theoretical discharge
coefficients for nitrogen with y =1.4.
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Fig. 6 Comparison of experimental and theoretical discharge
coefficients for hydrogen withy = 1.4,
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Fig.7 Discharge coefficients for argon and helivm in a heated nozzie
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Fig. 9 An experimental nozzle contour compared with theoretical
inviseid contour forr, /r, = 1.0,

numerical solutions of the equations for =2 and 8=1
showed slightly higher values for Cp,. In fact, the theoretical
curve for B=1 matches the experimental points within the
probable error down 10 Reynolds numbers of about 100. The
question arises as to whether a value of unity for § might
reflect more accurately the actual axial pressure gradient in
the experiments. This possibility is not particularly tempting
from a practical point of view, because it would require a
numerical solution for each particular case in which it might
be desired 10 predict a discharge cocfficient. More important
is the fact that a value of unity for 8 is not consistent with
actual nozzle geometries. In Fig. 9 are shown what we have
called “‘inviscid nozzle contours” for §=eo. These contours
arc those that would provide in inviscid flow the axial pressurc
gradient corresponding to the associated value of 8. They arc
based on the isentropic Mach number/area relations. In a
real flow situation, these contours should relate roughly to the
edge of the boundary layer, i.e., at the displacement thickness
from the wall. Also shown in Fig. 9 as a fairly typical examplc
is the actual contour of one of the nozzles that we used, Aficr
allowance for a boundary layer, it becomes clear that 3= is
by far the best approximation. We must look elsewhere for an
explanation of the difference between theory and experiment.

Another of the assumptions in the theory was that the flow
was one-dimensional; i.e., the Mach number | surface is a
plane “at the nozzle throat except in the relatively thin
boundary-layer region. It is well known, of course, that the
velocity distribution in real nozzles is not uniform at any cross
section. On the other hand, the one-dimensional ap-
proximation has been so uscful and so successful in so many
situations that one questions it with some reluctance,
especially in a situation that should be fairly insensitive to a
small departures from uniformity of velocity distribution.
Moreover, the product of density and velocity per unit area is
maximum at Mach number 1. Any variation from sonic
velocity in the plane of the throat should result in a decrease in
actual mass flow and, therefore, a decreasc in the ex-
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perimental C, relative to one-dimensional theory. Departures
from one-dimensionality thus do not seem capable of ex-
plaining apparent increasc in discharge coefficient relative to
theory.

A further and usual assumption in the analysis was a
Prandtl number of unity. For the gases that we used, the
actual Prandtl numbers are in the range from 0.68 to 0.73,
One consequence of Prandt] number less than unity is that the
wall recovery temperature is less than the freestream
stagnation temperature. In our nozzles, the thermal capacity
and conductivity are fairly large, so that the wall temperature
might have been higher than the recovery temperature. The
resulting heat transfer to the gas would undermine the
assumption of an adiabatic wall. Addition of heat to the gas
would bring about a decrease in mass flow in an amount
approximately proportional to the square root of the resulting
temperature rise, averaged over all of the gas. This tem-
perature rise must have been tiny, if it existed at all. Thus, the
effect of heat transfer is not only small but is in the wrong
direction to explain the observed discrepancy.

However, a decrease in recovery temperature consequent to
Prandtl numbers less than unity would cause a decrease in
viscosity near the wall. Clearly, an increase in mass flow
would result, and this effect is in the right direction. It would
be difficult to solve the equations for values of Prandtl
number less than unity. Nevertheless, we can estimate the
effect of Prandtl number by noting that the most important
consequence of viscosity is at the wall. It would seem ap-
propriate, therefore, to compute the Reynolds number for
each experimental mass flow point by using a value of
viscosity relevant to the actual temperature at the wall rather
than to a wall temperature that would result from assuming a
Prandt! number of unity. In our procedure, this relevance
would be achieved by using recovery temperature rather than
stagnation temperature as the basis for computing freestream
viscosity. We estimate that this correction amounts to an
increase of about 4% in the Reynolds number to be associated
with each experimental point in Figs. 3-8. The net effect
would be to shift each point slightly to the right.

The decrease in wall temperature due to Prandtl number
less than unity also would cause a slight increase in the
theoretical value of C;. Recall that the product of velocity
and density for the gas, pu, increases with the square root of
temperature, We estimate that this effect would result in an
increase in the theoretical values of Cp of about 1% in the
Reynolds number range below 1000. As the boundary layer
gets thinner at high Reynolds numbers, the effect becomes
smaller. The net effect of this correction is to raise the
theoretical curve slightly at the lower end.

We find that the overall consequence of these two estimated
corrections can be allowed for empirically by the simple
expedient of dividing the Reynolds number computed for each
point by the square root of the Prandt! number. The
equivalent representation of this effect in the drawings would
be to shift the theoretical curve to the left. The dashed curve in
each figure shows such a shift in the theoretical curve. The
correction brings agreement (within experimental error)
between theory and measurement down to Reynolds numbers
of about 200, again excepting hydrogen.

Even after the correction for Prandtl number, there
remains a consistent excess in the measured values of C,, at
the low end of the Reynolds number range. In our view, this
excess represents the onset of slip effects, which would in-
validate the boundary-layer assumption of zero velocity at the
wall, In the limit of very low stagnation pressure, the actual
mass flow will approach the free molecule effusive limit. At
this limit Cp, as we have defined it, will have a value of the
order of 0.5 for reasonable values of vy and nozzle shape
(Clausing factor). This limiting value will be reached when the
mean free path in the source gas is of the same order as the
nozzle diameter, i.e., at a value of about unity for the
Reynolds number as we have defined it. Clearly the theory,
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which can be expected to be valid only at relatively high
Reynolds numbers, must break down long before this lower
limit corresponding to effusive flow. In general, we should
expect slip effects to become appreciable when the mean free
path becomes an appreciable fraction of the boundary-layer
thickness. For our situation, the ratio of mean free path to
boundary-layer thickness is given approximately by

2
Rex (1-VCp)

L. 3
5*_ ()

where A is the mean free path and é* is the boundary-layer
displacement thickness. At a Reynolds number of 200, this
ratio already has the appreciable value of 0.05, and so we
should expect that slip effects should have started to intrude
as, indeed, they seem to have done.

There remains the problem of explaining why the results for
hydrogen are consistently higher than for the other gases. We
recall that, in comparison with nitrogen and other molecules,
hydrogen has a relatively low rate of energy exchange between
translation and rotation.>*2¢ This so-called rotational
relaxation rate can be characterized by the number of
collisions required for the average hydrogen molecule to lose
(¢—1)/e of its excess rotational energy, i.e., to reduce the
difference between rotational temperature and translational
temperature to 1/e of its original value in a system not at
thermal equilibrium. This characteristic collision number for
nitrogen is about 5. For hydrogen it is about 300, Thus, we
should expect that departures from equilibrium would be
much more likely with hydrogen. During a recent study of
rotational relaxation, Gallagher carried out some numerical
calculations on relaxation effects in the flow upstream of the
throat in small sonic nozzles.?® He found that the extent of
the rclaxation was not very dependent upon nozzle contour,
probably for the same reasons that discharge coefficient also
is fairly insensitive to the pressure gradient parameter. In a
typical case for hydrogen with T, =300 K and P, =200 Torr
in a nozzle of 0.010 in. diam, he found that T, at the throat
was 0.89 T,, appreciably higher than the equilibrium value of
0.833 T,. If the rotation had not relaxed at all, the effective
value of v would have been 5/3, and the rotational tem-
perature would have remained at T,. If we make a linear
interpolation, we find an actual effective value of vy equal to
about 1.49 for hydrogen under these conditions, which
correspond to a Reynolds number of 524,

According to Eq. (1), it turns out that there is a very small
dependence of Cp upon the specific heat ratio. At first glance,
therefore, it might be thought that heat capacity lags could be
neglected. Actually, it is in the computation of the reference
isentropic mass flow -that the effect becomes significant,
although still rather small. The isentropic mass flow for
v=5/3 is only about 6.4% higher than for y=7/5, other
things being equal. Thus, the increase in the effective value of
v from 1.4 to0 1.49 in the preceding example would increase
the isentropic mass flow by about 4%. This increase would
correspond to decreasing the experimental value of Cj; in Fig.
6 by about 4% at Reynolds numbers near 500. We have ex-
tended these calcuiations and represented the result of in-
complete rclaxation by an equivalent increase in the
theoretical value of C, for hydrogen. The result is shown as a
dotted line in Fig. 6. Clearly, the heat capacity lag seems
capable of explaining most of hydrogen’s excessive
discrepancy between theory and experiment relative to the
other gases. The important point is that one should be alert to
‘the fact that departures from equilibrium can be significant at
low Reynolds numbers. In particular, the characteristic
collision numbers for vibrational relaxation rates and
chemical reaction rates are generally very much larger than
for rotational relaxation in hydrogen. Much greater
deviations in Cp can be expected from heat capacity lags due
to these effects.
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V. Conclusions

The rather remarkable agreement between the experimental
and theoretical values for discharge coefficients suggests that
a priori predictions by Eq. (1) can be accurate to at least
within our experimental error of about 2%. Unless extreme
precautions are taken in measurement, the theoretically
predicted values are probably more reliable than values
obtained by experimental calibration. Certainly they arc
easier to obtain. Of course, there are also precautions to be
observed in using Eq. (1). We summarize here the important
ones: ‘

1) Experimental confirmation with respect to the effect of
radius of curvature has been limited to values of r./r, between
0.71 and 2.18. We should expect no difficulties in modest
extensions of this range.

2) The Reynolds number to be inserted in Eq. (1) is defined
as

Rep, = (pu,D/n,) (r.Pr/r) "

where p,, u,, and p, are freestream values of density, velocity,
and viscosity, an asterisk indicates Mach number 1, and Pris
the Prandtl number. (The presence of Prandt! number has
only empirical justification.) )

3) Experimental confirmation has been limited to heat
capacity ratios of 5/3 and 7/5. We expect equivalent validity
with other values of y provided that equilibrium is main-
tained. At low Reynolds numbers, departures from thermal
and chemical equilibrium can cause errors.

4) In the absence of departures from equilibrium, Eq. (1)
can be relied upon at Reynolds numbers greater than about
200. At lower values, slip and rarefaction effects become
important.
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